The exact unclosed equation for the phase-space density function ͑or corresponding Lagrangian pdf͒ in turbulent flows is obtained using conditional techniques. The equation has direct implications for stochastic Lagrangian models based on the assumption of similarity with a Markov process. The problem of random particle sources is examined and the appropriate correcting term is suggested.
I. INTRODUCTION
Stochastic models of particle motions [1] [2] [3] [4] [5] were rapidly developed during the last decade and represent an effective tool in analyzing the Lagrangian properties of turbulence. These models are usually based on the idea of similarity of particle motion in the velocity-position phase space and a Markov process. [1] [2] [3] [4] [5] The one-particle statistic 3 ͑the statistic of the position of one marked particle irrespective of the positions of other particles͒ can be characterized by the Lagrangian phase-space density function 5 F(u,x;t) . This function specifies the average number density of particles in the velocity-position phase space for any given time t. Our purpose here is to develop a new approach for the one-particle statistic based on the relationship of the phase-space density function F, the conditional expectation Q u , and the Eulerian velocity pdf P u (u;x,t). ͑The conditional expectation Q u is introduced later when the equation relating F, Q u , and P u is derived.͒ The technique used has certain similarities with the conditional moment closure ͑CMC͒. [6] [7] [8] [9] We obtain and analyze the exact unclosed equation for F. This equation, being a consequence of the Navier-Stokes and scalar transport equations, gives additional information about the coefficients of the traditional models based on the Markov-process assumption.
A. The Fokker-Planck equation
Under the Markov-process assumption, the Lagrangian phase-space density function is governed by the FokkerPlanck equation 1 where B i j and A i are the diffusion and drift coefficients. The convention of summation over repeated indexes i, jϭ1,2,3 is applied in ͑1͒ and further in this paper. The equivalent formulation of this model is given by the stochastic differential equation [3] [4] [5] du i ϭA i dtϩb i j dw j , dx i ϭu i dt, ͑2͒
where 2B i j ϭb ik b jk and w is the vector Wiener process which has the incremental variance specified as ͗dw i dw j ͘ ϭ␦ i j dt. The Lagrangian pdf [1] [2] [3] [4] [5] P L (u 1 ,x 1 ;t 1 ) ϭF(u 1 ,x 1 ;t 1 )/N c represents the pdf of the particle location in the velocity-position phase space. We assume that N c is the total number of particles and one in N c particles is marked with equal probability. The transitional ͑or conditional͒ Lagrangian probabilities 1-5 P T (u 1 ,x 1 ;t 1 ͉u 0 ,x 0 ,t 0 ) specify the pdf of the particle location in the phase space at tϭt 1 conditional on a given position x 0 and velocity u 0 of the same particle at tϭt 0 . The transitional pdf P T restricts the realizations of the Eulerian velocity field u(x,t) by two conditions u(x 0 ,t 0 )ϭu 0 and u(x 1 ,t 1 )ϭu 1 while only one restriction for u(x,t), u(x 1 ,t 1 )ϭu 1 , is implied in F and P L . In models based on the Markov-process assumption, both P L and P T satisfy Eq. ͑1͒.
B. The well-mixed condition
The coefficients B i j and A i of Eq. ͑1͒ must satisfy certain physical constraints. [3] [4] [5] The well-mixed condition [3] [4] [5] corresponds to the homogenous distribution of particles in the physical space. In this case, the phase-space density function is given by Fϭc 0 P u where c 0 is a constant. The homogeneous distribution of particles should be preserved by Eq. ͑1͒. The function Fϭc 0 P u is substituted into ͑1͒. Comparison with the Eulerian pdf equation
assumed constant. The symmetric properties of the tensors ⑀ i j ϭ⑀ ji and B i j ϭB ji are repeatedly used in the paper. The term ٌ 2 P u in Eq. ͑3͒ corresponds to the pdf transport due to molecular viscosity. This term is small for large Reynolds numbers and can be neglected. This is a conventional assumption 10, 11 in pdf modeling. In the Markov-process Lagrangian models, ␣ i is an arbitrary function which is not determined by any physical formula or relation and, potentially, ␣ i can be very large. There is, however, an exception: Borgas and Sawford 12 proved that A i ϭ(A B ) i in homogeneous, isotropic and nondecaying turbulence. The problem of nonuniqueness of the coefficient A i was repeatedly discussed in publications. [3] [4] [5] 12, 13 The assumption B i j ϭB 0 ␦ i j ͑where 2B 0 ϭC 0 ⑀ 0 does not depend on u i , ⑀ 0 is the mean dissipation of energy, and C 0 is a constant which is expected to be universal͒ is conventional [1] [2] [3] [4] in Lagrangian modeling. This assumption provides consistency with the estimations of the inertial interval of turbulence based on the Kolmogorov theory. [1] [2] [3] [4] [5] 
II. DISCRETE AND CONTINUOUS APPROACHES
In real flows, any physical contaminant has a nonzero molecular diffusion coefficient, and its particles are affected by the Brownian motion. We follow Dreeben and Pope 14 who introduced particles involved in Brownian motion which cause small-scale fluctuations of the particle position x p . The macrovelocity of the particles coincides with the fluid velocity u, that is dx p ϭu(x p ,t)dtϩ(2D) 1/2 dw* where Dϭconst and w* is another vector Wiener process. Although w and w* are mathematically identical, they should not be confused with each other. The process w is used to model the turbulent fluctuations while the process w* models the molecular diffusion effects and the parameter D is the molecular diffusion coefficient. The processes w and w* are statistically independent. According to the mathematical definition of the Wiener process, its derivative has zero correlation time while the correlation times of the modeled physical processes are finite. The characteristic correlation time of molecular diffusion is the average time between molecule collisions and the correlation time of the accelerations of fluid particles due to turbulent fluctuations which can be assessed as the Kolmogorov time scale. These times intervals are relatively short. The logic of modeling based on the Markov-process assumption is in describing the most important features of the physical processes and neglecting the details within the intervals of correlation.
The scalar c specifies the particle number density averaged over fluctuations of w* but c is a random value with respect to the turbulent fluctuations. Scalar c, being introduced in this way, is governed by the scalar transport equation
which is actually the Fokker-Planck equation of the process x p . The dualistic role of Eq. ͑6͒, governing continuous scalars and discrete particles, corresponds to the physical nature of any trace material. Its concentration, which can be treated as a continuous variable, is formed by an extremely large number of particles ͑molecules͒. The term W on the righthand side of ͑6͒ specifies the source of the particles: if W 0 then particles appear or disappear. If Wϭ0 then the total number of particles is preserved and c is a conserved scalar. Equation ͑6͒ with Dϭ0 characterizes 5 the fluid particles whose equation of motion is given by dx p /dtϭu(x p ,t). Equations ͑1͒ and ͑6͒ can be used to describe the turbulent dispersion of particles or admixtures having a different physical nature: fluid particles, marked molecules, as well as the dispersion of continuous passive trace material. For large Reynolds and Peclet numbers, one-particle characteristics are expected to be independent of D. That is, if Re and Pe are large, the mean concentration field of a passive trace material in a turbulent flow is determined by the motion of fluid particles. This point of view was originated by Taylor 15 and, in different forms, was promoted in Refs. 2, 5, and 14.
Now we consider how F and c are related to each other. The fine-grained distribution (u,x,t) is the instantaneous number density of particles in the phase space. The macrovelocity of all particles at a given location x and time t coincides with the fluid velocity u(x,t). Thus (u°,x,t) is equal to zero everywhere in the phase space except on the hypersurfaces u(x,t)ϭu°. This determines (u°,x,t) by the relation ϭc(x,t) where ϵ⌸ i ␦"u i (x,t)Ϫu i ‫ؠ‬ …, ⌸ denotes a product, ␦ is the Dirac delta function, and u°is the sample space variable. The ensemble average of yields
where Q u (u;x,t)ϵ͗c͉u͘ is the expectation of c conditioned on a fixed value of velocity u. Equation ͑7͒ establishes the relation of the phase space density function F, the conditional expectation Q u , and the Eulerian pdf P u . This equation will be used in further derivations.
III. EXACT EQUATION FOR F
In this section the exact equation for the phase-space density function F is derived. 
where •ٌc͉u͘P u is the particle flux in the velocity space generated by molecular diffusion. The other terms in ͑11͒ represent the particle flux in the velocity space generated by viscosity and pressure fluctuations. Equations ͑10͒ and ͑11͒ are exact. These equations are direct consequences of the scalar transport equations ͑6͒ and the Navier-Stokes equation ͑8͒. Equations ͑10͒ and ͑11͒ are also valid for fluid particles, in this case we should formally put Dϭ0 in ͑6͒ and ͑11͒.
The term E in Eq. ͑10͒ is small for large Re and Pe and it is neglected in further considerations. Indeed, the terms E v and E D can be estimated by E Շc * P * ٌu i /(u * The Fokker-Planck equation ͑1͒ is consistent with the exact equation given by ͑10͒ and ͑11͒ ͓if c is not a conserved scalar, the nonzero source term W u P u appears on the righthand side of Eq. ͑1͔͒. Indeed, Eq. ͑1͒ can be formally rewritten in the form of Eq. ͑10͒ with H i given by
͑12͒
Equations ͑11͒ and ͑12͒ specify the same physical value: H i ‫ؠ‬ ϵH i ϩG i F is the particle flux in the velocity space.
Equation ͑11͒ is an exact unclosed equation while Eq. ͑12͒ is the closure which corresponds to the Markov-process assumption. The well-mixed condition corresponds to cϭc 0 ϭconst, Fϭc 0 P u , and Wϭ0. Under this condition, Eqs. ͑11͒ and ͑12͒ take the forms H i ϭc 0 ‫⑀(ץ‬ i j P u )/‫ץ‬u j and H i ϭc 0 (A i ‫ؠ‬ P u Ϫ‫(ץ‬B i j P u )/‫ץ‬u j ), respectively. Comparing these equations we obtain A i
that is ␣ i ϭ0 in ͑4͒. In the derivation of Eq. ͑13͒, we require that the modeled flux H i ‫ؠ‬ and the exact flux H i ‫ؠ‬ of particles in the velocity space are the same. This requirement provides consistency of the model and the exact equations.
IV. EQUATION FOR THE CONDITIONAL EXPECTATION Q u
Using Eqs. ͑3͒ and ͑7͒ we can rewrite Eq. ͑1͒ as
The source term W u is retained in ͑14͒. This equation is another formulation of Eq. ͑1͒. Fox 16 suggested the model for conserved scalar mixing (Wϭ0) which is based on the VCIEM model ͑velocity conditioned interaction by exchange with the mean͒ and involves the ''local anisotropy parameter'' . The equation for Q u , which can be derived from the model, 16 is consistent with Eq. ͑14͒ except for the additional term ϳ(Q u Ϫ͗c͘) in the model. This ͑or a similar͒ source-like term does not appear in Eq. ͑14͒ and it can be related only to the term E neglected in Eq. ͑1͒. The estimations of the term E indicate that ՇRe Ϫ1/2 →0 as Re→ϱ and PeտRe.
V. TURBULENT DISPERSION FROM A RANDOM SOURCE

A. Linear constraint and constant C 0
Let us consider B i j which is given by B i j ϭ␦ i j C 0 ⑀ 0 /2. Estimation of the constant C 0 is an important point in Lagrangian modeling. If equation ͑14͒ is assumed to be valid for scalar transport problems with a nonzero random source term W, the constant C 0 is restricted by some additional consistency conditions. Indeed, the velocity-like concentration field It has been shown that applying the Fokker-Planck equation to scalar fields with a random source term W may cause a significant error in determining the constant C 0 . In this example, the source term is a function of the pressure gradient. The pressure gradient represents a significant component of the particle accelerations which, according to the Markov-process assumption, is modeled by the derivative of the Wiener process i ϵdw i /dt. That is, W and i are statistically dependent. Such source terms W are not consistent with the traditional definition of the Fokker-Planck equation. Indeed, let us consider a Fokker-Planck equation which corresponds to the stochastic equations driven by the derivative of the Wiener process °. The Fokker-Planck equation can have a deterministic source term or even a random source term W°provided W°and °are statistically independent. The Fokker-Planck equation can be written for a fixed realization of W°and then averaged. The coefficients of the equation are determined by the statistical properties of °and, thus, do not depend on W°. If W°depends on °, simple averaging is not applicable. Thus if the source term W in Eq. ͑6͒ depends on the pressure gradient, the model for F should be modified. where w c is a Wiener process which may depend on w i . The stochastic model is represented by Eqs. ͑2͒ and ͑16͒. The coefficients of the model are assumed to be independent from c. We emphasize that the goal which is to be achieved here is not in specifying a stochastic model for the pdf of scalar c. Our intention is to formulate the model for the Lagrangian phase-space density function F(u,x;t)and ensure that the Markov-process assumptions are consistently applied to all components of the model which are dependent on i . The Fokker-Planck equation for ͑2͒ and ͑16͒ takes the form
where P L ϩ ϭ P L ϩ (c,u,x;t)is the joint Lagrangian pdf. According to the well-mixed condition, the Eulerian joint pdf P ϩ (c,u;x,t)satisfies Eq. ͑17͒. The pdf P ϩ is substituted for 
The value of B ci can be found by applying the linear constraint specified by ͑15͒. We require that solution ͑15͒ of the exact transport equations remains the property of Eq. ͑19͒.
For this solution, we compare H i specified by ͑20͒ with H i specified by ͑11͒, take into account Eq. ͑13͒, and obtain
The 
where R j (u,x,t)ϵ͗WЉS j Љ͉u͘ and G i j (u,x,t)ϵ͗S i ЉS j Љ͉u͘. The coefficients a i (u,x,t) can be determined by solving a system of linear equations ͑22͒.
The main advantage of the model specified by Eq. ͑19͒ is that the model satisfies the linear constraint. This con-straint is the property of the exact transport equations. If the source of particles is random, the models based on the Markov-process assumption can still be used to predict Lagrangian dispersion. The statistical independence of W and the pressure gradient field ensures that the Fokker-Planck equation ͑1͒ with the source term W u P u is an adequate model for turbulent dispersion. However, if the W and S i have nonzero correlations ͓that is the coefficients determined from ͑22͒ are a i 0], the model for F involves an additional term ͓the last term in Eq. ͑19͔͒. Except for this term, Eq. ͑14͒ is identical to Eq. ͑1͒. Practically, the correcting term may be significant for the barodiffusion effects 21, 22 when the term that explicitly depends on the pressure gradient appears on the right-hand side of the equation ͑6͒.
C. Stochastic formulation of the model
The model given by ͑19͒ can also be formulated in terms of stochastic equations. Initially, the particles are distributed in the velocity-position phase space with the number density proportional to P u (u;x,t 0 ) and cϭ0 is set for each particle. Stochastic equations ͑2͒ are to be solved for each sample particle in conjunction with
The last term in ͑19͒ is formally treated here as a source term. According to the well-mixed condition, the Eulerian distribution of the particles in the phase space ϳ P u (u;x,t) is preserved by the model. The function F is specified by Eq. ͑18͒ and can be calculated by summing up the values c over all particles at each selected location in the phase space. It is easy to see that this function F satisfies Eq. ͑19͒.
VI. CONCLUSIONS
According to Taylor's 15 point of view, the first moment characteristics of turbulent dispersion of a continuous scalar ͑such as ͗c͘ and ͗c͉u͘) are determined by the motion of discrete fluid particles. This point of view is effectively used in the derivation of Eq. ͑7͒ which establishes the relationship between F, the phase space density of fluid particles, and Q u , the conditional expectation of the related continuous scalar. The exact equation for the Lagrangian phase-space density function F is derived. In this equation, the term E is shown to be small for large Reynolds and Peclet numbers. The stochastic random-walk models for particle dispersion based on the Fokker-Planck equation ͑1͒ are examined against the exact equation. The main results are now summarized.
͑1͒ For large Re and Pe, the hypothesis of similarity with a Markov process ͑which is used in the models͒ is consistent with the exact equation. The exact equation can be used as a tool in validating approximations of the coefficients of the particle dispersion models based on the Markov-process assumptions. In particular, ͑i͒ the drift coefficient A i is uniquely determined by the Eulerian conditional expectations (␣ i ϭ0) and ͑ii͒ the ''local anisotropy parameter'' 16 tends to zero as Re→ϱ.
͑2͒ Stochastic modeling of turbulent dispersion involving a nonzero source term W has been considered. By using arguments based on the Markov-process assumptions, it is shown that ͑i͒ the traditional stochastic models ͓Eq. ͑1͒ with W u P u on the right-hand side͔ can be used provided the source term W is statistically independent from the pressure gradient S i but ͑ii͒ if the source term W and the pressure gradient S i are statistically dependent, the additional term specified in Eq. ͑19͒ is required for these models.
The source term which is determined by fluctuations of the pressure gradient disturbs the scalar field mainly at small scales. On the face of the problem, it seems plausible to assume by analogy with Taylor's hypothesis that the smallscale disturbances induced by the pressure gradient do not affect the scalar transport at large scales. This assumption, however, results in C 0 ϭ2/3 which is not supported by experimental data. In Sec. V, we accepted that the terms depending on the fluctuations of the pressure gradient may affect the turbulent macrotransport ͑that is the differences induced by the pressure gradient at small scales can be accumulated into differences at large scales͒. This allows for larger values of the constant C 0 and generates a new term in Eq. ͑19͒. The conclusions reached here are based on a logical evaluation of the Lagrangian models and further investigations of these aspects of turbulent diffusion are expected.
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